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Optical position meters analyzed in the non-inertial reference frames 
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In the framework of General Relativity we develop a method for analysis of the operation of 
the optical position meters in their photodetectors proper reference frames. These frames are non- 
inertial in general due to the action of external fluctuative forces on meters test masses, including 
detectors. For comparison we also perform the calculations in the laboratory (globally inertial) 
reference frame and demonstrate that for certain optical schemes laboratory-based analysis results 
in unmeasurable quantities, in contrast to the detector-based analysis. We also calculate the response 
of the simplest optical meters to weak plane gravitational waves and fluctuative motions of their 
test masses. It is demonstrated that for the round-trip meter analysis in both the transverse- 
traceless (TT) and local Lorentz (LL) gauges produces equal results, while for the forward-trip 
meter corresponding results differ in accordance with different physical assumptions (e.g. procedure 
of clocks synchronization) implicitly underlying the construction of the TT and LL gauges. 

PACS numbers: 04.30.Nk, 04.80.Nn, 07.60.Ly, 95.55.Ym 



I. INTRODUCTION 

Optical position meters can be thought of as con- 
stituent parts of laser interferometers such as Michelson 
or Mach-Zehnder. For instance, long-baseline Michel- 
son interferometer is the composition of two round-trip 
position meters: two optical waves, emerging from and 
returning to approximately the same spacial point, in- 
side interferometer arms carry the information about dis- 
placements of the end-mirrors. Upon their arrival to pho- 
todetector the latter measures the relative phase of two 
waves proportional to the relative displacement of the 
end-mirrors. 

Currently long-baseline optical interferometers, such 
as LIGO [l| , are the world most sensitive instruments for 
measuring the relative displacements between the test 
masses, which might be produced by the gravitational 
waves (GWs) coming to the Earth from astrophysical 
sources. Traditionally in literature interaction of the 
gravitational waves with laser interferometers is consid- 
ered in the framework of the so-called transverse-traceless 
(TT) gauge @, i, Q. Though the TT-based analysis of 
the GW detectors is usually exceptionally simple, it is 
sometimes hard to be justified physically since the major 
requirement of the TT gauge is the ideal inertiality of 
the test masses. In other words, in order to validate the 
TT-based analysis one must require that the test masses 
strictly follow the geodesies of the GW space-time, i.e. no 
non-gravitational forces are present. However, at least in 
the Earth-bound experimental installations test masses 
undergo various non-geodesic motions due to noises in the 
environment (such as seismic noise), in the test masses 
themselves (thermal noise), due to measurement devices 
(back-action noise) and others. 

In order to deal correctly with external forces when 



analyzing the operation of an interferometer (or optical 
position meter) one should perform the calculations in 
the proper reference frame of its detector since it is the 
device that produces an experimentally observable quan- 
tity. Since detector is subjected to the action of fluc- 
tuative forces in general, its proper reference frame is 
non-inertial. This is particularly important for the cer- 
tain class of the GW detectors called displacement-noise- 
free interferometers, which are mostly of Mach-Zehnder 
[E B 0, Hi or Fabry-Perot @ type, where non-geodesic 
motion of detector(s) may significantly affect the opera- 
tion of an interferometer limiting its sensitivity to GWs. 
The main goal of this paper is to develop the method of 
solving certain electrodynamical problems in such non- 
inertial reference frames. 



II. SPACE-TIME IN THE VICINITY OF AN 
ACCELERATED OBSERVER 

A. Metric tensor 

We start from the introduction of space-time metric in 
the vicinity of an accelerated observer. First, consider 
the laboratory (globally inertial) frame with Minkowski 
metric ds 2 = T} a pdx a dx 13 , where 7] a p = diag(— 1, 1,1,1). 
Greek indices run over 0, 1, 2, 3. 

It is known that the non-relativistic (v 2 /c 2 < 1) coor- 
dinate transformation [lfj| 



a x (t')t'- 



t = t' 



a x (t')x' 



(1) 
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brings us from the laboratory frame to the proper refer- 
ence frame of the observer (reference body for definitc- 
ness) moving with acceleration a x (t') along the x-axis. 
Throughout the paper prime denotes the physical quan- 
tity evaluated in the observer's proper reference frame. 
According to the transformation law, metric in the vicin- 
ity of an accelerated observer, accurate to linear order of 



2 



x', takes the form: 



ds 2 



g a l3{x^)dx' a dx' P 



-(cdt') 



a x (t')x' 



dx' 2 + dy' 2 + dz n 



(2) 



We assume that the acceleration a x (t') is so small 
that for all x 1 and t' condition \2a x (t')x' /c 2 \ <C 1 is ful- 
filled. In particular, for the ground-based interferome- 
ters one can estimate a x < S^max£ with tt max ~ 10 3 Hz 
(the upper boundary of the operating frequency band), 
£ ~ 10 -19 m (typical values of the fluctuative displace- 
ments), x ~ 10 3 m (typical interferometer arm length), 
so that \2a x x' /c 2 | ~ 10~ 24 . Therefore, we will use the 
methods of linearized theory in full similarity with the 
theory of linear gravitational waves; we will keep only 
the Oth and the 1st order in a x (t') terms further. 

Metric tensor corresponding to interval @ and the de- 
terminant of its matrix are: 



9af3 




(3) 



det(ff Q , J g) 



• a x (t')x' . 



B. Test masses equation of motion 



Since we consider the motion of the test masses along 
the x'-axis, the only Christoffcl symbols needed are 



with fx = 1: r^ = a x (t')/c 2 , 
for the x-axis reads: 



r 1 

1 01 



0. Geodesic equation 



d 2 x n . fdx'° 



ds 2 



\ ds 



dx n> dx' 1 
ds ds 



dx' 



0. 



In the non-relativistic approximation ds ~ c dt' and 



(dx n /ds) 



(v'/c) <C 1, therefore we obtain the fol- 



lowing equation of motion (for strict derivation see Ref. 

my- 



d 2 x' 

dt' 2 



-ax(i'). 



which coincides exactly with the Newtonian law of mo- 
tion in the non-inertial frame. If the test mass m is also 
subjected to some external force F x (t') as seen from the 
laboratory frame, then the latter should be added to the 
right side of the equation: 



d 2 x' 
~dF I 



-a x (t') 



F x (t') 



(4) 



Thus, in the absence of the observer's acceleration (when 
x = x' and t — t') we obtain the Newtonian motion 
law of the test mass in the laboratory frame: d 2 x/dt 2 = 
F x {t)/m. 



For simplicity we assume that the test mass and the 
observer stay in rest, separated by a distance x' = x$ — 
const, with respect to the laboratory frame in the absence 
of all forces in order not to consider the effects of uniform 
motion. 

Below we will consider the problems where test masses 
undergo tiny fluctuative displacements under the influ- 
ence of external forces, i.e. F x /m is of the same order of 
smallness as a x . Thus, Eq. ^ allows significant simpli- 
fication: according to the transformation law JTJ) coordi- 
nate time in the observer's frame t' and the one in the 
laboratory frame t differ in the amount proportional to 
a x x' /c 2 which is the quantity of the 1st order of small- 
ness. Therefore, up to the 1st order a x (t') = a x (t) and 
F x (t') = F x (t). Under the listed assumptions Eq. (j4]) 
can be integrated in the following form: 



c'(t) = XQ + 



dt! 



dt 2 



-a x {t 2 ) 



F x {t 2 ) 



(5) 



It will be convenient to separate the Oth order and the 
1st order summands: x'{t) = xq + Sx'(t), \Sx'\ <C |xo|, 



5x'(t)=m-tire{(t), 



(6) 



where is the result of double integration of F x (t)/m 
and £rcf(£) is the result of double integration of a x (t). 
The physical meaning of these quantities is clear: £ and 
£ re f are the displacements of the test mass and the ref- 
erence mass correspondingly with respect to the labora- 
tory frame, while Sx' is the displacement of the test mass 
with respect to the reference mass (i.e. with respect to 
the proper reference frame of the reference mass). 



III. ELECTROMAGNETIC WAVE IN THE 
SPACE-TIME OF AN ACCELERATED 
OBSERVER 

In the interferometric experiments an observer studies 
the motion of the test masses by sending and receiving 
the reflected light waves. According to the equivalence 
principle an accelerated frame (of the observer) is equiva- 
lent to some gravitational field which is known to impose 
the distributed redshift on electromagnetic waves. Thus 
it is necessary to calculate the propagation of electromag- 
netic waves in the space-time of an accelerated observer 
in order to obtain a complete description of an interfer- 
ometer. 



A. Wave equation 

We will derive the wave equation from the second pair 
of Maxwell's equations without the sources: 



1 



d 



-g dx' 13 



(V~gF' aP ) = o. 
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Here F'^ = d^A' v - d' v A'^ and A'^ = (A'°, A' 1 , A' 2 , A' 3 ) 
is the 4-potential of electromagnetic field. Substituting 
the definition of F' into the field equations we obtain: 



d'^A' a ) 

^{d^d'pA'P - d' d'^A' a ) = 0. 



Let us impose Lorentz or Coulomb gauge (this will influ- 
ence only the procedure of quantization) so that d'^A' 13 
vanishes. Remind now that the non-zero components 
of metric tensor ([3]) are gocb ffii, 322 and 1733 and let 
us assume that the vector-potential describes the prop- 
agation along the cc'-axis of the plane electromagnetic 
wave polarized along the z'-axis, i.e. A' a = (0, 0, 0, A 1 ) 
and A' = A'(x'°,x n ) = A'(x',t'). Remind also that 
g = g(x',t'). Therefore, wave equation reduces to: 

(d'oV^) {-9 m d' A>) + (%y/=g) (-9 n d[A>) 

-V~9{9 m d' d' Q A'+g^d' l d[A')={). 

Substituting here the components of metric tensor in an 
explicit form and linearizing the equation with respect to 
the terms containing a x (t'), we finally obtain the follow- 
ing scalar wave equation: 



1 d 2 A' d 2 A' 



c 2 dt' 2 dx' 2 



1 d 2 A' 
~c 2 ~dt! 2 
I d A' 



d 2 A' \ 
Ihf 2 ) 

'^dA_ 

'? dx 1 



Here a x — da x (t')/dt' . The right side of this equation 
describes the redshift produced by the non-inertiality of 
the reference frame. 



B. Solution of the wave equation 

It is convenient to solve the obtained equation using 
the method of successive approximations in full simi- 
larity with the solution of wave equation in Ref 
We shall keep only the 0th and the 1st order in a x (t') 
terms: A'(x',t') = A'W (x' , t') + A'^ (x',f), \A'^\ ~ 
\{a x x'/c 2 )A'W\ < \A'®>\. The 0th order corresponds 
to the unaccelerated observer which stays in rest in the 
laboratory frame. Thus, solution of the 0th order can 
be represented as a sum of plane monochromatic waves 
traveling in positive and negative directions of the x'-axis 
with amplitudes and frequency measured in the labora- 
tory frame in the state of rest. We denote "positive" 
wave with index '+' and "negative" wave with index '-': 



AW (x\ t') = A'l 0) (x', t') + A'i 0) (x', t'), 



(8) 



A 



/(0) 



where ko = ujq/c. Evidently, in the 0th order t' — t and 
x' — x. Amplitudes and frequency are derived from some 



initial and boundary problems and we shall keep them 
undefined until next section. The 1st order equation is: 



1 d 2 A 



'(i) 



dt 12 



d 2 A'j 1] 

dx' 2 



1 d 2 A 



/(()) 



dt' 2 



d 2 Af y 
dx' 2 



Id A. 



>(0) 



dA 



'(0) 



dt' 



dx' 



(9) 



The general solution of this equation can be represented 
as a sum of "positive" and "negative" waves: 

A'W(x',t')=Af\x',t') + A'V(x',t'). (10) 

Clearly, they can be treated independently. Remind, that 
.9oo(0, t) = —1 and therefore, we must demand that 

i ,(1) (0,i') 



Af\0,t') 



A' 



0. 



(11) 



Physically these initial conditions mean that both the 
light waves A'±(x',t') experience no redshift at x' = 0, 
i.e. the solution of full Eq. at x' = is A'±(0,t') = 

1'(0) 



A± u) (0,t') = A±oe~' lUat + A 



* ±0 e luJot (remind, that = t 
at x' = according to Eqs. (Q])). The solution of Cauchy 
problem ([9] - [TTj) is obtained in Appendix [XJ For slow 
enough mechanical motions (as compared to the optical 
frequency) we have: 



Af\x',t') = A ±Q w' ± (x',t')e- l ^ ot '^ kox '^ +c.c. 



(12) 



W' ± (x',t') = -ikoieiit') - ± tko 6ef(t') " 6ef(*' T x'/c) 

c L 

Remind, that £ r ef(0 is the result of integration of a x (t') 
such that a x (t') = £, rc {(t')- Throughout the paper below 
we will omit the "c.c." notation for briefness. 

Similarly to the previous section we may replace t' — > t 
and x' — > x in w'(x',t') without introducing an error in 
the 1st order: 

x r 

w'±(x, t) = -ik £ xe f(t) - ± ik £ re f(i) - £,rd(t T x/c) 
c L 

Whenever it is convenient we will use either w'±(x' , t') or 
w'±(x, t) below. 

Several features of w'^.{x 1 1) are worth noting. First, ac- 
cording to the physical sense w± (0,t) — w± (0,f) — 0, i.e. 
the frequency of electromagnetic wave is not redshifted 
in the immediate vicinity of an observer. Second, for 
small enough x/c (in spectral domain this corresponds 
to flx/c <C 1 limit) w'±(x,t) has the 0[k^{x / c) 2 a x {t)} 
asymptotic. This agrees with the relativity principle: 
electromagnetic wave senses only the acceleration of the 
reference frame, not the displacement £ re f or velocity £ re f- 
Finally, since £ ra f(i) and £ re f(i) are the pure real quan- 
tities, w'±{x,t) are the pure imaginary quantities and 
therefore describe the influence of the acceleration on the 
phase (amplitude is affected beginning from the 2nd or- 
der): 



A' ± (x',t') = A ±0 l + w' ± (x',t') 



-i(u t' '^k Q x') 



A 



±oe 



— i(ujQt , ^fkox , )-\-w , i (x' 
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IV. ROUND-TRIP POSITION METER 

Let us consider now the optical scheme of the round- 
trip position meter illustrated in Fig. [TJ light wave emit- 
ted by the laser mounted on test mass a reaches the ab- 
solutely reflective mirror (test mass b) and is reflected 
back to the detector mounted on test mass a. We are 
interested in the phase shift acquired by the light wave. 
Such a position meter might be a constituent part (a sin- 
gle arm) of a Michelson interferometer. In the state of 
rest the distance between the test masses equals to L. 



a 



A + (x,t) 
— » 



A_(x,t) 



x 







FIG. 1: A round-trip position meter. Laser mounted on test 
mass a emits the wave which is reflected from the movable 
mirror b. Detector mounted on test mass a detects the re- 
flected wave and measures the acquired phase shift. In the 
state of rest the distance between the test masses equals to 
L. 



A. Analysis in the inertial frame 

First we analyze the situation from the viewpoint of 
observer in the laboratory (globally inertial) reference 
frame. Coordinates of the test masses a and b are 
x a {t) = + £a{t) and Xb(t) = L + £{,(t) correspondingly. 
Remind that |£ a ,b| "C L. We also approximate the light 
wave as noiseless (see Appendix [B] for generalization). 
Thus we may write the wave that laser emits in the fol- 
lowing form: 



A + (x,t) = A+oexp 



-ILOq 



x — x a (t — x/c) 



The wave reflected from the mirror is described by vector- 
potential 

A_ (x, t) = A_ e-^ ot+kox) + a_ (x, t) e - l{u}at+k ° x] , (14) 

where a—(x,t), which carries the information about the 
acquired phase shift, can be represented as the Fourier 
integral: 



ct-(x, t) = 



+°° /iO 

-no 27T 



To find the relationship between the incident and the 
reflected waves we impose the boundary condition which 
states that the vector potential vanishes on the mirror 
surface: 

A+(x b (t), t)+A-(x b {t), t)=0. 



Substituting fields (|13|) and (|T4|) into this equation and 
keeping only the Oth and the 1st order terms we obtain: 



A +0 e 



A. 



oe 



— iknL 



l-ifc &(*) +a-(L,t)e- ikoL = 0. 
Here r = L/c. The Oth order solution is 

A-o = -A +0 e 21 ^. 
In the 1st order we obtain: 

a_ (L, t) = -A +0 e 2l ^ T ik [2&(t) -£„(*- r)] , 

or 

o_(0, t) = -A+ e 2iuoT iko [26(* - t) - ~ 2r) 

according to the wave-like representation of a,— (x, t). 

Detection of the reflected wave takes place at point x = 
x a (t) = £ a (t)- Therefore, total variation of the optical 
wave Sa(t) per round trip equals to a_(0, t) — A-oiko^ a (t): 

6a(t) = -A +0 e 2i "° T ik [%(t - r) - - 2t) - f a (t) 

We are interested in the phase shift 6^ described by the 
term in the square brackets: 

89 (t) =-ko [Ut) ~ W -r)+Ut~ 2r) 

Evidently, this phase shifts describes a round trip of 
light wave with correct time delays. If the entire sys- 
tem moves as a rigid body, i.e. £ a (t) = then 
89 (t) w — ko^ a (t)r 2 . This result agrees with the rela- 
tivity principle: no absolute displacement £ a or velocity 
£ a can be measured. 

B. Analysis in the non-inertial frame 

Now we will consider the same situation in the proper 
reference frame of the test mass a, where detector is 
mounted, and compare the result with the one of the 
laboratory-frame analysis. 

Since test mass a is the reference body, its equation 
of motion is x' a (t) = 0. The coordinate of test mass b is 
x' b (t) = L + 8x' b (t) with \Sx' b \ < L. 

In its proper reference frame laser emits the wave de- 
scribed by vector-potential 



A' + {x',t') = A +0 l + w' + (x',t') 



,—i(u t'—k x') 
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according to the results of Sec. IIII Bl Reflected wave in 
the reference frame of test mass a is described by vector- 
potential 



A'_(x',t') =A- l + w'_(x',t') 



-i(u>ot' +kox') 



+ a'_(x',t')e-^ UJot ' +kox ' ) . 

Here a'_(x',t') has the same physical meaning as in the 
previous section and thus has the 1st order of smallness. 
Substituting both waves into the boundary condition 



A' + (x' b (t'),t') + A-(x' b (t'),t') = 0. 



we obtain: 



.4 



+oe 



ikoL 



l + ik 5x' b (t) + w' + (L,t) 



+ A- e 



— iknL 



l-ik dx' b (t)+w'_(L,t) 

+ a'_{L.t)e- lkoL 



0. 



The 0th order solution is similar to the previous case: 
A-o = — A+oe 2luJOT . In the 1st order we obtain: 

a'_(0,t) = -A +0 e 2luJ ° T 

2ik^5x' b {t — t) + w' + (L,t — t) — w'_(L,t — r) 

Since detection of the reflected wave takes place at 
point x' = x' a (t) = in the reference frame we work in, 
total variation of the optical wave coincides with a'_ (0, t). 
Phase shift describing the round trip is: 



= 2ik Sx' b (t -t)+w' + (L, t - t) - w'_ (L, t - t) 

= 2ik 5x' b (t - t) - ik ~ 2&(f - r) + £„(t - 2r) 

(15) 



To analyze its physical meaning we first expand it in the 
series of r keeping all the terms up to f a T 2 : 

5V'(t) ^ 2k 5x' b (t) - k Ut)r 2 ■ 

If the entire system moves as a rigid body, i.e. Sx b (t) = 
0, then S^'(t) w — fcofa^) 7 " 2 in full agreement with the 
relativity principle. 

Let us now substitute solution ([6]) for 6x' b into the 
phase shift (fT5")) . keeping in mind that £ rc f = ^ a and 
C = 



5^'(t)=2ko[^{t-T)-^ a (t-r) 

- fco [f a W - 2f a (t - t) + f a (t - 2r) 
= -k k a (t) ~ 2f 6 (t - r) + Ut ~ 2t) 



Thus, the obtained phase shift coincides with the 

phase shift 5*5/ (t) in the laboratory frame. In other words, 



consideration in both the frames results in equal measur- 
able quantities. This coincidence owes to the fact that 
in our round-trip scheme phases of both the emitted and 
reflected waves are measured at the same spacial point; 
in the proper frame of test mass a this point is located at 
x' = where rate of the built-in-test-mass-a clock coin- 
cides exactly with the rate of the laboratory clock which 
ticks identically everywhere. Therefore, both the clocks 
measure equal time intervals. 



V. FORWARD-TRIP POSITION METER 

Let us now analyze the operation of the forward trip 
position meter illustrated in Fig. [2j The system under 
consideration consists of only two test masses: laser (test 
mass o) and detector (test mass b) separated by a dis- 
tance L in the state of rest. Both the test masses have the 
built-in clocks, which initially (at the state of rest) are as- 
sumed to be perfectly synchronized. Laser emits the light 
wave and detector measures the phase shift with respect 
to its clock. Such a position meter (with slight modi- 
fications) might be a constituent part of Mach-Zehndcr 
interferometer. Similarly to the previous section we will 
perform the analysis in both the laboratory and detector 
frames and compare the results. 



a 



A+(x,t) 



x 







FIG. 2: A forward-trip position meter. Initially at the state 
of rest the built-in clocks in both the laser (test mass a) and 
detector (test mass b) are assumed to be perfectly synchro- 
nized. Detector measures the phase shift of light wave emit- 
ted by laser. In the state of rest the distance between the test 
masses equals to L. 



A. Analysis in the inertial frame 

Let the coordinates of the test masses be x a (t) = 
—L + £ a (t) an d x b {t) = + f(,(i). Similarly to the pre- 
vious section we write the wave emitted by laser in the 
following form (see Appendix|B]for the account of optical 



A+(x, t) = A +0 cxp <^ -iLu Q 



t - 



- x a (t - (x + L)/c) 



Detection of the wave and measurement of its phase 
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takes place at x = Xf,(t) — £b(t): 



t 



Xb(t) - x a (t - t) 



A + (x b {t),t) = A +0 exp |-iw 
Obviously, total variation of the wave equals to 
Sa(t) = A +0 e^ T ik - Ut - t) 
The phase shift due to the test masses motion is 



(16) 



Let the system move as the entire body, £ a (t) = 
It is interesting that the first non-vanishing term in the 
expansion of 6 i S?(t) into series of r is fco6,(<)r, i- e - is pro- 
portional to the instantaneous velocity of the body. This 
does not mean, however, that one is able to measure the 
latter, contradicting the relativity principle. This result 
simply tells us that the phase shift (jTSJ) is unmeasurable 
by detector. In order to make it measurable we should 
perform a coordinate transformation that brings us from 
the laboratory frame to the frame of detector — the in- 
verse transformation of Eqs. (fTJ). However, from the 
logical point of view it is more convenient to perform the 
analysis completely in the frame of detector. 



The phase shift we are interested in equals to: 
iS^'(t) = -ik 6x' a {t - t) - w',(-L,t-T) 



= —ika 



5x' a (t -t)+ £ b (t - t)t + &(t - r) - 



If Sx' a (t) = we obtain: 5V'(t) « k £ b {t)T 2 /2. This re- 
sult can be qualitatively explained in the following way. If 
£b(t) > then the photon moves against the direction of 
effective gravitational field with acceleration of the free 
fall <7 e ff = — < 0. Thus, photon velocity is effec- 
tively reduced and the optical length increases from L to 
L + \£b(t)r 2 /2\. If &,(t) < than the photon velocity is 
increased and optical length is reduced to L— |£&(t)T 2 /2|. 

Substituting into the obtained phase shift solution ([6]) 
for Sx' a (t) = £ a (t) — £,b(t), we obtain: 



$*'(t) = fc - Ut - r) - &(t - r)i 



(17) 



Comparing this result with formula (|16p we conclude that 
the last term in square brackets, — — t)t, recovers 
an agreement with the relativity principle. This term 
describes the difference in the proper rate of clock in laser 
at x = —L and detector at x = 0. From the viewpoint of 
laboratory observer both clocks tick identically. 



B. Analysis in the non-inertial frame 

In the reference frame of detector (test mass b) coor- 
dinates of the test masses are x' a (t) = —L + Sx' a (t) and 

From the viewpoint of detector laser emits electromag- 
netic wave described by the following vector-potential: 



A'(x',t') 



= A+o 
x exp 



1 + iv + (x , t) — w,(—L, t — (x + L)/c) 



-ILOq 



t' 



x'-x' a (f-(x' + L)/c) 



This corresponds to the boundary condition which states 
that at the point of laser location A + (x' a (t),t') = 
A +0 e~ luJot . In other words, in the immediate vicinity 
of the laser light wave acquires neither localized phase 
shift due to laser motion nor the distributed phase shift 
due to the acceleration of the observer. 
At the detector location: 



A + (x' b (t),t) = A +0 l + w' + (0,t)-w' + {-L,t-r) 



x exp 



t' - 



x' b (t)-x' a (t- 



Since x' b (t) = and w' + (0,t) = 0, total variation of the 
optical field equals to: 



6a' (t) = -A +Q e luJ0T ik 6x' a {t - r) + w'A-L, t - r) 



Physical reason of discrepancy between the 
reference frames 



It is useful to consider the physical reason underly- 
ing the discrepancy of results obtained in the laboratory 
frame and the proper frame of detector. 

Consideration in the laboratory frame implies that all 
the clocks built in the test masses are synchronized with 
the laboratory clock. In turn, this requires the knowl- 
edge of the velocities of the test masses with respect to 
the laboratory frame. Evidently, an observer, staying in 
rest in the laboratory, is able to measure the velocities of 
the test masses with respect to the latter. In fact, one 
may straightforwardly derive from special relativity that 
phase shift P^|) is the one measured by the laboratory 
observer who, therefore, is able to measure the common 
speed of the test masses. 

On the other hand, there is no any "external observer" 
in a system of N test masses. In such a system test 
masses are able to synchronize their clocks only with re- 
spect to each other. Evidently, the absence of knowledge 
of the test masses velocities with respect to the labora- 
tory will result in the accuracies of the order of (v/c)L 
in clock synchronization. The latter will inevitably en- 
ter the phase shift as ko(v/c)L which is exactly the term 
missing in (|16p and present in (|17[) . Therefore, we con- 
clude that the discrepancy between two reference frames 
lies in different procedures of clocks synchronization. 

From these reasonings it is also clear why calculations 
of the round-trip scheme in both the frames produce iden- 
tical results. 



7 



VI. SPACE-TIME OF AN ACCELERATED 
OBSERVER WITH ACCOUNT FOR 
GRAVITATIONAL WAVES 

The performed analysis can be straightforwardly gen- 
eralized to take into account the action of the GWs on 
position meters. According to Refs. [ll], [l3| inertial 
and gravitational effects do not couple in the first order. 
Therefore, one may "linearly combine" results of this pa- 
per with results of Ref. 12] to calculate the response of 
position meter to GWs in the proper reference frame of 
detector. For instance, consider space-time metric 



2&(t-T)-£ B (t)-£ a (t-2T) 



2 



t-2r 



Note that this result can be derived in both the TT and 
LL gauges. For small enough r (fir < 1 in spectral 
domain) S^^.t. ~ 2ko(Lh/2+^i,—^ a ). This is the common 
result for the LIGO-type GW detectors, where £ a ,b(t) 
are the fiuctuative displacements of the test masses that 
mimic the GW signal h(t). 

For a forward-trip coordinate meter corresponding 
phase shift, calculated in the LL gauge, will be: 



ds 2 



{cdt'f 



1 + -o a x (t')x' 



dx' 2 + dy' 2 + dz' [ 



+ 2 



1 x' 2 - y' 2 



h(t — z /c) (cdt' — dz') 



'\2 



corresponding to the observer moving with non-geodesic 
acceleration a x (t') along the a;- axis in the field of weak 
plane gravitational wave h(t' — z' / c) propagating along 
the z-axis normal to the xy-plane. In this section we will 
call the proper reference frame of an observer the local 
Lorentz (LL) gauge, since at x' = y' = metric is locally 
flat. Transverse-traceless (TT) gauge corresponds then 
to the laboratory frame (see below). 

If the coordinate of the test mass relative to an observer 
equals to X on average (in the state of rest) then the 
former moves according to the motion law 

6x'(t) = lx h(t)+at)-& e i(t), 



where £ re f(*) = a x (t). Remind, that the difference be- 
tween laboratory time and observer time leads to the 
negligible 2nd order effects. 

Vector-potential of the electromagnetic wave propagat- 
ing in this space-time along the :r-axis can be written in 
the following form: 



A' ± (x' , H ) = A ±0 [l + g' ± (x' , t> ) + w' ± (x' , f ) 
where 

g'±(x',t') ~g±(x,t) 

= ik 



- xh(t) - T I xh(t) + C - [ hit^dh 
4 c 2 2 J tTx/c 



w'±(x',t') w w'±(x,t) 



ik 



-£ Ie f(t) - ± £ref (t) T 6ef (t T x/c) 



If one considers, for instance, the response of a round- 
trip position meter to GW and fiuctuative motions of the 
test masses using the method developed in Sec. IIV1 the 
obtained phase shift will be: 



S^' { L t L (t) = k &(t) - Ut - r) - &(* - t)t 



Expanding into series of r we obtain <5vJ/f. t . ~ ko(Lh/2 + 
Cft — £a) which is exactly the half of the round-trip phase. 

Note that the phase shift (fT8|) differs from the one that 
could be obtained in the TT gauge: 



S^(t) = ko 



wo 
2 



Comparing this phase shift with the phase shift (fTB]) we 
may conclude that the TT gauge in GW physics plays 
the similar role to the laboratory frame in the globally 
flat space-time. For instance, since goo(x,t) = —1 in 
the TT gauge @, H, 0|, clock tick identically everywhere. 
GW manifests itself as the effective time-dependent op- 
tical refraction index; test masses stay in rest in this 
gauge. The proper reference frame of detector corre- 
sponds then to the LL gauge, where rate of the clock 
coincides with the TT-clock only at the coordinate ori- 
gin, and GW manifests itself as the tidal force-field acting 
on the test masses; electromagnetic wave is affected only 
slightly. Therefore, (in full similarity with Newtonian 
physics) it is natural that the results obtained in different 
gauges do not coincide in accordance with different pro- 
cedures of clocks synchronization associated with them 
as described in the previous Section. 

It will be also interesting to examine how additional 
term, —koLh(t — r)r/4, in Eq. (fl8|) influences the re- 
sponses of Mach-Zehnder or LISA-type [3] interferome- 
ters. This problem requires additional detailed analysis 
and we do not consider it in this paper. 

The related problem is the transformation of results 
between different proper reference frames when analyzing 
an array of emitters and receivers. In general this should 
be performed by the coordinate transformation from one 
proper frame to another. However, such a transforma- 
tion results in much more cumbersome calculations than 
performing the analysis for another proper frame from 
the beginning. 
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VII. CONCLUSION 

In this paper we developed a method of analyzing the 
operation of the optical position meters in the reference 
frames of their detectors, which are non-inertial in gen- 
eral. First we studied the motion of the test masses and 
propagation of electromagnetic waves in the space-time of 
accelerated observer. Then we considered the operation 
of the round-trip position meter and found that the phase 
shift of light wave calculated in the laboratory (globally 
inertial) frame equals to the one calculated in the proper 
(non-inertial) reference frame of detector. This coinci- 
dence owes to the particular geometry of the round-trip 
scheme: phases of both the emitted and detected light 
waves are measured at the same spacial point by one 
clock. However, for the forward-trip position meter situ- 
ation is completely different: the rate of laser and detec- 
tor clocks, separated by a large distance, differ greatly. 
This results in different phase shifts calculated in the 
laboratory frame and the frame of detector. Namely, the 
former one contradicts the relativity principle and thus 
is unmeasurable. 

We also discussed the generalization of the developed 
method to take into account the action of GWs. We 
demonstrated that the responses of the round-trip posi- 
tion meter, calculated in the TT and LL gauges coincide, 
while the ones of the forward-trip position meter differ, 
in full similarity with the laboratory and detector frames. 
The performed analysis could be useful in consideration 
of the various types of displacement-noise-free GW de- 
tectors, where fluctuative motion of detector may play 
the crucial role. 



ax 1 dA { ± ] a dA { ±> 
c 3 c dt c 2 dx 



Remind, that the Oth order solution is given by formula 
© and we omit the "c.c." terms. 

It is convenient to solve this equation in spectral do- 
main. Applying the theorem of convolution to the right 
side of the equation we obtain the 1st order equation in 
spectral domain: 



n 2 m d 2 A { l\ x ,n) 



— A^>(x,n)- 



dx 2 



k A ±0 e ±lk ° x , n 
- a(S I — wo) 



zkqx x =F i 



Let us introduce the following notations: 



A^\x,n) = A ± ( x ), °= fc> A ^-^) =B . 



In this notation equation takes the following form: 
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We solve this equation with the method of varia- 
tion of constants (see any ODE handbook): A±(x) = 
C±i(x)e ikoX + C± 2 (x)e- tkoX . The set of equations for 
C±i 2 is: 



APPENDIX A: SOLUTION OF THE WAVE 
EQUATION 

In this Appendix we solve the 1st order wave equation 
([5]). For briefness we omit all the primes here: 



dC±i cikx 
dx 



dC ± 



dx 



2 ^ — ikx 



dx 



dx 



= Be 



; (3/cqX — k$kx =F iko). 



i d 2 A { l ] 

'c 2 ~tW 



2.(1) 



d 2 A 



± 



dx 2 



ax 



1 a 2 A 



2 a(0) 



d 2 A 



dx 2 



Straightforward integration leads to: 



C +1 {x) = C+io + 



B 



2k(k - k) 2 



^i(ko—k)x 



x(-3k 2 + 4k%k - k k 2 ) - 2ik 2 
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C +2 {x) = C+20 + 

C- 1 (x)=C- W + 



D 



2k{k + k) 2 
B 

2k(k + k) 2 
B 

2k(k - k) 2 



o i(k +k)x 



-i(ko+k)x 



-i(ko — k)x 



x(3k 2 + 2k\k - k k 2 ) + (2ik 2 - 2ik k) 
x(3k 2 + 2k 2 k - k k 2 ) + (-2ifejj + 2ik k) 
x{-3k 2 + Ak 2 k ~ k k 2 ) + 2ik 2 



Constants of integration are derived from the boundary 
condition (fTOlfTTj) : 

A^{x,n) = A^ ) (x 1 n) + A w (x,n), 
4 ) (o,n) = / ) (o,o) = o. 

Therefore, we obtain the following solution of the 1st 
order in spectral domain: 

(x, Sl) = \ A ±0 e ±lkox a(n - uj q ) 



ri(Sl)x ± icC(H) 



1 - e 



(fi/c— ko)x 



where 



r,(Q) 



-3u>$ + wgn + 3uj 2 n 2 - Lj n 3 
{cj ~n) 2 {ujo + n) 2 ' 

-5wq + 2uj 2 fl — lu Q 



{ujo-n) 2 (Luo + n) 2 

Let us introduce the notation: 
1 



w± (x, fi) = -r a(fl — uq) 



x <^ r)(Q)x ± ic((Q) 



1 - e 



±{Q./c-k )x 



Then 

A { l\x,t) 



+°° rIO 
±ik x -iSlt 

2lT 



A±qw±(x 7 r2)e d 



A±Qe -i{u t^k x) / w± ( X; n + uj Q )e 



2tt' 

It is straightforward to verify that in the CI <C w limit 

w , \ wo 



n 2 ' 1 



and 



w±(x, il + UJq) 



a(Q) 



-k xTiko(l- e ±tUx ' c 
c V 



Remind now, that a(£l)/il 2 = — £ re f(fi). Ultimately, in 
time domain we obtain the following solution: 

A^{x,t) = A ± ow ± (x,t)e~ t{u ° tTkoX \ 



w±(x,t) 



+°° rlO 

w±(x,S2 + w )e — 



X 

= -ifco^ref(t) - ± «&0 £ref(*) ~ 6ref(< T X / c) 



Remind, that the prime should be inserted everywhere, 
since we work in the non-inertial frame. 
APPENDIX B: INFLUENCE OF THE OPTICAL 
NOISE 

In this Appendix we briefly consider the influence 
of laser optical noise on the responses of round- and 
forward-trip position meters. 

In general optical noise can be taken into accoun t by 
adding the following term to initial vector-potentials [l2| : 



a+(x,t) 



a + (ujQ + d)e~ 



in(t-^—p.) 



where xq is the reference point for specific problem. For 
instance, for the round-trip meter xq = and for the 
forward-trip meter xq = —L. Since optical noise, in 
practice, is comparable to other noises in their magni- 
tude, one can neglect the interaction between GW and 
acceleration fields with it. 

Now substituting optical noise into the corresponding 
boundary problems we obtain in spectral domain: 

Sa(LU + 0) = - a + (uj + £i) e 2 ^o+n)T 



+ A +0 e 



ik 



2/07 



for the round-trip meter in both the laboratory and 
proper frame of detector; 

Sa(uj a + fi) = a+(cj + n)e^ 0+n)r 



A +() e luJ ° T ikr 



6 - 



for the forward-trip meter in the laboratory frame and 
5a(uj + fi) = a + {Lu Q + f2)e i(u;o +^ r 



+ A +0 e^ 0T ik 



6 - &e* 



for the forward-trip meter in the proper frame of detec- 
tor. Here £ aj h = £ ai f,(f2). GW can be taken into account 
straightforwardly. 
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